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Abstract In this paper, we obtain the lower and upper bounds of the maximum
eigenvalue of the reciprocal distance matrix of a connected (molecular) graph. We
also give the Nordhaus-Gaddum-type result for the maximum eigenvalue.
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1 Introduction

Since the distance matrix and related matrices, based on graph-theoretical distances
[1], are rich sources of many graph invariants (topological indices) that have found
use in structure-property-activity modeling [2—4], it is of interest to study spectra and
polynomials of these matrices [5-7].

Let G = (V, E) be a simple connected graph with vertex set V(G) = {vy, v, ...,
v, } and edge set E(G), where |V(G)| = nand |E(G)| = m. Let G be the complement
of G. For v; € V(G), I'(v;) denotes the set of its (first) neighbors in G and the degree
of v; is d; = |I"(v;)|. The minimum vertex degree is denoted by § and the maximum
by A. The average of the degrees of the vertices adjacent to v; is denoted by ;. The
diameter of a graph is the maximum distance between any two vertices of G. Let d be
the diameter of G. The distance matrix D of G is an n x n matrix (d;, ;) such that d; ;
is just the distance (i.e., the number of edges of a shortest path) between the vertices
v; and v; in G [1]. The reciprocal distance matrix RD of G, also called the Harary
matrix [1], is an n x n matrix (RD; ;) such that [8, 9].
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RD; ; =

% ifi # j,
0 ifi=j.

Since R D is a real symmetric matrix, its all eigenvalues are real. Let A(G) be the
maximum eigenvalue of RD. Ivanciuc et al. [10] have shown that A(G) is able to
produce fair QSPR models for the boiling points, molar heat capacities, vaporization
enthalpies, refractive indices and densities for C¢ — C1 alkanes. The maximum eigen-
values of various matrices has recently attracted attention of mathematical chemists
[11-16]. The lower and upper bounds of the maximum eigenvalue of the reciprocal
distance matrix in terms of the number of vertices and/or the number of edges, and the
Nordhaus-Gaddum-type result for the maximum eigenvalue of the reciprocal distance
matrix were obtained in [17].

In this paper we report lower and upper bounds for the maximum eigenvalue of
the reciprocal distance matrix and also provide the Nordhaus-Gaddum-type results for
maximum eigenvalue. Lastly, we compare our results with the previous results given
by Zhou and Trinajsti [17].

2 Spectral radius of reciprocal distance matrix

Zhou et al. [17] gave the following lower bound for A(G) in terms of n, m and d:

Lemma 2.1 Let G be a connected graph with n > 2 vertices, m edges and diameter
d. Then

2m 1
A(G)z——i——(n—l——), (D
n d

with equality holds if and only if G is a complete graph K, or G is a regular graph of
diameter 2.
Lemma 2.2 [18] Let B = (b; j) be an n x n irreducible nonnegative matrix with

spectral radius L(B), and let R;(B) be the ith row sum of B, i.e., R;(B) = Z'}:l b j.
Then .

min{R;(B): 1 <i <n} <A(B) <max{R;(B): 1 <i <n}. 2)

Moreover, if the row sums of B are not all equal, then the both inequalities in (2) are
strict.

Lemma 2.3 (Rayleigh-Ritz) [19] If A is a symmetric n x n matrix with eigenvalues
M >=Xy>---> A, then forany X € R" (X #0),

X7 AX < 1 XTX. 3)

Equality holds if and only if X is an eigenvector of A corresponding to the largest
eigenvalue Ay.
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Now we give a lower bound for A(G) in terms of the number of vertices n, number
of edges m, diameter d and degree sequence di, da, ..., dy.

Theorem 2.4 Let G be a connected graph with n > 2 vertices, m edges, and diame-
ter d. Then

162 2 L -+ (1= ) T - e
— 4+ —mn—-1)-2m) + — - = P — =
~n ' nd nA2 d) =% a Ta!

1
P (1 _ 3) MQ(G)) @)

where d; is the degree of vertex vi, M1 (G) = >_!_, dl.z, and M>(G) = ZijeE(G) did;.
Moreover, the equality holds in (4) if and only if G is a complete graph K,, or G is
isomorphic to a regular graph of diameter 2.

Proof Let X = (x1,x2,..., x)T be any unit vector. Since the spectral radius of

RD(G) and D(G)"'RD(G)D(G) (D(G) is the diagonal matrix whose diagonal ele-
ments are the degrees of the vertices of graph G) are same, then by (3), we get

X"{D(G)"'RD(G)D(G)}X < MG)XTX. (5)

Since X7, xi2 = 1, from (5), we get

n n
dixix;
A(G) > = 6
()_Z.Z.didij ©
i=1 j=1,j#i ’
Since X is any unit vector, we can assume that X = (L, L ... L ! From
y ’ - ﬁ’ ﬁy 7\/5 .
(6), we get
1 1 di d;j
AMG) = — ——+—= dii=d
( )_ni<.di,j (dj di) as dj, j Joi
J
1 di d; 1 d j
- —+ = — — 4+ = d>d; ;. (7
> (d]+ ,.)Ud > ($+%) wazay o
ijeE(G) i<jidij>2
Now,

1
=t | 20 @ Hdp -2 3 did; ®
ijeE(G) ijeE(G)
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1 n
=2m+ (Z d? — 2M2(G)), )

i=1
and
> (3+9)
i<jidij=2 N !

(d; —d;)?

=n(n—1)—2m+ Z i
el

i<judij>2

1
= n(n—1)=2m+ > @+dh-2 > dd,
i<jidij>2 i<jidij>2

1 n
= n(n — 1)—2m+p(2(n— 1 — dy)d? (10)

i=1

n
_Zd,-(Zm —d; —dl-,ul-))as dipi = Z dj
i=1

J:j€r i)

—n(n—1)—2m+ é (an (G) — > d} +2Ma(G) — 4mz)

i=1

n n
as M\(G) = D d}, and My(G) = > d} ;. (1)
i=1 i=1
Using (9) and (11) in (7), we get the required result (4).
T
Now suppose that equality holds in (4). Then X = (\/i;l, JLE’ e \/Lz) is an eigen-

vector corresponding to eigenvalue A(G) of D(G)"'RD(G)D(G). From equality in
(7), we get d < 2. From equality in (8), we get d| = d» = - - - = d,,. Similarly, from
equality in (10), we getd; = dp = --- = d,. Hence G = K, or G is isomorphic to a
regular graph of diameter 2.

Conversely, one can see easily that the equality holds in (4) for complete graph K,
or for a regular graph of diameter 2. O

Remark 2.5 Our lower bound in (4) is always better than the lower bound in (1).

Zhou et al. [17] obtained the following upper bound for A(G) in terms of n and
degree sequence dy, d3, ..., dy:

Lemma 2.6 [17] Let G be a connected graph with n > 2 vertices. Then

AMG) < % (n — 1+ max di), (12)

1<i<n

with equality if and only if G is a regular graph of diameter at most two.
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Now we give an upper bound for A(G) in terms of n, m and § only.

Theorem 2.7 Let G be a connected graph withn > 2 vertices, m edges and minimum
vertex degree §. Then

AMG) < %\/(n —1)2+32m —9), (13)

with equality if and only if G is a complete graph K,,.

Proof LetX = (x1,x2,---, xn)T be an unit eigenvector corresponding to the largest
eigenvalue A(G) of RD(G). We have

RD(G)X = 1(G)X. (14)

From the i-th equation of (14) we have

AG)xi = Y. ka

Kekti dik
1
< Z —— Z x,f by Cauchy-Schwarz inequality. (15)
kik#i ik Kk

Let

and also let

ieV
Squaring both sides in (15) and taking sum fori = 1 to n, we get

n

n
1
W2G) =D D1 —x]) asYi_x}=landDf = > —  (16)

i=1 kiks£i ik
n n

<> Df—=Dj= > Di asDj=min{D}}. (17)
i=1 i=li#p

Since, Df = Y < di+ 300 — 1 —d) = 3(n — 1 + 3d;), that is,

2
di.k

S 1izp Df < 1 (00— 1)* +3(2m — 8)). Thus we have
2 1 2
(0) = 5 ((n — 12 4+32m— 5)) . (18)
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Thus, we complete the first part of the proof.
Now suppose that equality holds in (13). Then all inequalities in the above argument
must be equalities. From equality in (15) and (16), we get

diix1 =dipxy =+ =djj—1Xi—1 = djit1Xi41 = - = djpx,, foralli. (19)
From equality in (16), we get

Df=Di=---=D}. (20)

From equality in (18), G has diameter at most 2 and D;‘ = }T(n — 1+ 3d;),
i=1,2,...,n By (20), we getd; = dy = - - - = dp, that is, G is a regular graph. If
d = 1,then G = K,,. Otherwise, d = 2 and hence we have d; ; = 1 ord; ; = 2, forall
i, j. Without loss of generality, we can assume that the shortest distance between vertex
1 and n is 2. From (19),i = 1 we get xy = 2x,,, k € Ny and x; = x,,, k ¢ N1,k # 1.
Similarly, from (19),i = nwe getxy = 2x1,k € N, andxy = x1,k ¢ Ny, k # n.Thus
we have x| = x,, and two type of eigencomponents x; and 2x in eigenvector X, which
is acontradiction as G is regular graph of diameter 2. Hence G is a complete graph K ,.

Conversely, one can see easily that the equality holds in (13) for complete graph
K. O

Remark 2.8 In order to see that the upper bound (13) is always better than the upper
bound (12) for any tree except path P, (n > 5), note that

1 1
S=1+4) > 5\/(11 — 12 +302m —§).
holds if and only if
A +2A(n — 1) > 32m —§)
which is equivalent to
2n(A =3)+ (A —1)?+8 >0,
which, evidently, is always obeyed. Similarly, one can easily check that the upper

bound (13) is always better than the upper bound (12) for graphs of maximum degree
A=n-—1.

Remark 2.9 The lower and upper bounds given by (4) and (13), respectively, are equal
when G is a complete graph K.

3 The Nordhaus-Gaddum-type result for the maximum eigenvalue
of the reciprocal distance matrix

Zhou et al. [17] obtained the following Nordhaus-Gaddum-type result for the maxi-
mum eigenvalue of the reciprocal distance matrix in terms of n only:
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Lemma 3.1 Let G be a connected graph on n > 4 vertices with a connected G. Then
n < rG)+ r(G) <2n —3. (1)

Now we give the lower bound for A(G) 4+ A(G):

Theorem 3.2 Let G be a connected graph on n > 4 vertices with a connected G.
Then

MG+ AG)=>m =1 (1 + %) (22)

where k = max{d, d} and d, d are the diameter of G and G, respectively. Moreover,
the equality holds in (22) if and only if both G and G are regular graph of diameter 2.

Proof Using the inequality (1) from Lemma 2.1 we arrive at

_ 2 2m -—D-=-2 —1)—2m
W(G) 4+ 0(C) = m—’: m+n(n ) m+n(n ) m

— — (23)
where m and d are, respectively, the number of edges and diameter of G. Since
m+4m = @ and k = max{d, d}, we get (22) from (23). First part of the proof is
over.

Now suppose that equality holds in (22). Then the equality holds in (23) and k =
d = d. From equality in (23), we get both G and G are regular graph of diameter 2,
by Lemma 2.1. Hence both G and G are regular graph of diameter 2.

Conversely, let both G and G be regular graph of diameter 2. Then A(G) = %

and 11 (G) = 22=D=" Hence A(G) + 11 (G) = 3(n — 1). o

Example 3.3 For G = Cs (Cs is a cycle of length 5), we have L(Cs) + A(65) =0,
since complement of Cjs is also Cs.

Remark 3.4 1t is easily see that our lower bound (22) is always better than (21) as
2<k<n-—1

Here we give the upper bound for A(G) + A(G) in terms of 1, A and §.

Theorem 3.5 Let G be a connected graph on n > 4 vertices with a connected G.
Then

MG) + A(G) < \/%[S(n —1)2+3(A -] (24)

Proof Using the inequality (13) from Theorem 2.7 we arrive at

MG)+1(G) < %J(n —1)2+302m —8) + %\/m —1)243Q2m—3).

— %\/(n —1D24+32m—8) + %\/4(;1 — 12 —6m+3A) (25)

as2m=n(n—1)—2mand A =n—1-3,
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where 777 and § are, respectively, the number of edges and the minimum vertex degree
of G. Now we consider a function

fm) = (n—1)2+32m —8) +V/4n — 1)2 — 6m + 3A).

It is easy to show that

_1)2
fom) < f (W) o [Mse— 1 esa-an e
From (25) and (26), we get the required result (24). O

Remark 3.6 In order to see that the upper bound (24) is always better than the upper
bound (21) for any graphs, note that

2n—3)% > % [S(n — DX +3(A - 5)]

holds if and only if

! 2+38 (A=8)=>0
n— — Z (A=
3 9 -

which, evidently, is always obeyed.

Acknowledgements K. Ch. Das thanks for support by Sungkyunkwan University BK21 Project, BK21
Math Modeling HRD Div., Sungkyunkwan University, Suwon, Republic of Korea.

References

1. D. Janezi¢, A. Mili¢evié, S. Nikolié, N. Trinajsti¢, Graph Theoretical Matrices in Chemistry, Mathe-
matical Chemistry Monographs No. 3 (University of Kragujevac, Kragujevac, 2007)

w~

Z. Mihali¢, D. Veljan, D. Ami¢, S. Nikoli¢, D. Plavs§i¢, N. Trinajsti¢, J. Math. Chem. 11, 223 (1992)
J. Devillers, A.T. Balaban (Eds.), Topological Indices and Related Descriptors in QSAR and QSPR

(Gordon and Breach, Amsterdam, 1999)

W. Yan,

® NN e

X. Guo,
B. Zhou, Int. J. Quantum Chem. 107, 875 (2006)
D. Plavsi¢, S. Nikolié, N. Trinajsti¢, Z. Mihali¢, J. Math. Chem. 12, 235 (1993)

R. Todeschini, V. Consonni, Handbook of Molecular Descriptors (Wiley-VCH, Weinheim, 2000)

Y.-N. Yeh, F. Zhang, Int. J. Quantum Chem. 105, 124 (2005)
D.J. Klein, W. Yan, Y.-N. Yeh, Int. J. Quantum Chem. 106, 1756 (2006)

9. 0. Ivanciuc, T.-S. Balaban, A.T. Balaban, J. Math. Chem. 12, 309 (1993)
10. O. Ivanciuc, T. Ivanciuc, A.T. Balaban, Internet Electron J. Mol. Des. 1, 467 (2002)
11. A.T. Balaban, D. Ciubotariu, M. Medeleanu, J. Chem. Inf. Comput. Sci. 31, 517 (1991)
12. M. Randi¢, G. Krilov, Chem. Phys. Lett. 272, 115 (1997)
13. 1. Gutman, M. Medeleanu, Indian J. Chem. A 37, 569 (1998)
14. M. Randi¢, G. Krilov, Int. J. Quantum Chem. 75, 1017 (1999)
15. B. Zhou, N. Trinajsti¢, Chem. Phys. Lett. 447, 384 (2007)
16. I. Gutman, N. Trinajsti¢, Chem. Phys. Lett. 17, 535 (1972)
17. B. Zhou, N. Trinajstic, Int. J. Quantum Chem. 108, 858 (2008)
18. R.A. Horn, C.R. Johnson, Matrix Analysis (Cambridge University Press, New York, 1985)
19. F. Zhang, Matrix Theory Basic Results and Techniques (Springer-Verlag, New York, 1999)

@ Springer



	Maximum eigenvalue of the reciprocal distance matrix
	Abstract
	1 Introduction
	2 Spectral radius of reciprocal distance matrix
	3 The Nordhaus-Gaddum-type result for the maximum eigenvalueof the reciprocal distance matrix
	Acknowledgements
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [5952.756 8418.897]
>> setpagedevice


